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Resumo
O presente trabalho explora o fenômeno da genericidade e suas conexões em três eixos
centrais: histórico, filosófico e lógico. No capítulo histórico deste trabalho, é apresentado o
desenvolvimento da noção de genericidade desde suas origens no pensamento ocidental até
a emergência do conceito de ponto genérico em geometria algébrica. No capítulo filosófico,
partindo da crítica fregeana aos objetos variáveis na matemática, é avaliada a relação entre
genericidade e arbitrariedade. Por fim, no capítulo lógico, mostramos a conexão entre gene-
ricidade e possibilidade a partir da semântica topológica de McKinsey-Tarski para o cálculo
modal 𝑆4.
Palavras-chave: Lógica simbólica e matemática, Geometria algébrica, Matemática -
História, Matemática - Filosofia.
Abstract
The present work explores genericity phenomena and its connections over three central
axis: historical, philosophical and logical. In the historical chapter of this work, the devel-
opment of the notion of genericity is presented from its origins in Western thought to the
emergence of the concept of generic point in algebraic geometry. In the philosophical chapter,
based on the Fregean critique of variable objects in mathematics, the relation between gener-
icity and arbitrariness is evaluated. Finally, in the logical chapter, we show the connection
between genericity and possibility based on McKinsey-Tarski’s topological semantics for the
modal calculus 𝑆4.
Keywords: Logic symbolic and mathematical, Algebraic geometry, Mathematics - His-
tory, Mathematics - Philosophy.
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The limits of my language mean the
limits of my world.
Tractatus Logico-Philosophicus, 5.6
Since the dawn of human language, genericity has been employed by those who wants to
communicate a plethora of things by sign only a single one. In an attempt to differentiate
this from mere ambiguity, this linguistical phenomenon has been analyzed by several theories.
Because it is useful, we cannot set that apart from our expressivity apparatus. Now, we try
to understand how it works.
In natural language, genericity often comes with a certain puzzlement. Consider the
following generic sentences, taken from [18]:
(i) Ravens are black.
(ii) Frenchmen eat horsemeat.
(iii) Prime numbers are odd.
As Nickel observes, if we take generic to be true “just in case at least one member of the
kind conforms to it”, then we would take it right in (𝑖) and (𝑖𝑖), but would make a mistake in
the case of (𝑖𝑖𝑖), which we would say that is true. On the other hand, if we say that generic
is true if, and only if, most members of the kind conform to it, then we would predict rightly
in the case of (𝑖) and (𝑖𝑖𝑖), but wrongly in the case of (𝑖𝑖). Both ways entails problems, which
is a clue that generic sentences should not be saw as a proposition that hiddes a fixed form.
In the Introduction of [16], the authors traces a difference between three types of research
on genericity:
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Linguistic research on generics has developed in three primary directions.
Some authors have focused on the generic interpretation of the subject DP.
This research has mostly concentrated on the notion of kind and its pos-
sible expression in natural languages. Other authors locate the sources of
genericity in the VP. And a third group, starting from the assumption that
genericity is a feature of the sentence rather than one of its components,
have focused on the variety of generic readings of generic sentences.
In this work, we will be interested in the third alternative. We will not assume any fixed
form for generics but rather will explore some different occurrences of it in the course of the
development of genericity in mathematical practice 1. As a heuristic, we will take as our
primitive notion the concept of generic property.
This dissertation is structured as follows. In Chapter 1 we offer a short introduction
to generic properties, as well as a motivation for our work. In Chapter 2, we will take a
look into a cutting of the history of genericity, namely, its development from a vague idea
of universality until the fruitful concept of generic point, which was a milestone of algebraic
geometry introduced by the Italian school of algebraic geometry. In Chapter 3, we will
deal with the question of whether arbitrariness can render the notion of genericity from the
philosophical frame introduced by the Fregean criticism to the notion of variable number in
mathematics. Finally, in Chapter 4, we will introduce the notion of generic point in topology
with a few examples and then offer a treatment of generic sentences as possible propositions
in the 𝑆4 modal system.
1.0.1 Generic property
Perhaps the best way to introduce the notion of generic property is through a mental
experiment: Suppose that you are invited to test the brand new target shooting system
created by the Metaphysical Lab Corporation. In this equipment, the designers challenge
you to hit a certain circular area, circumscribed by an iron ring, of negligible width. Every
point external to the target (including its border) is inaccessible so that the projectile’s
movement function can adjust any trajectory as necessary. Now imagine that you take the
first shot. Where does it strike? If the instructions from the developers of the machine were
evident, then it will also be clear that the shot will always hit the same point: the target.
1Being a wide phenomenon, genericity happens differently in different realms. Although, of course, math-
ematical language is not strictly the same as natural language, in this dissertation, we will assume that both
do carry some important resemblance, namely, of being capable of conveying meaning. In this way, concern-
ing genericity, we will try to stress this intersection based on how this phenomenon happens to be rendered
by algebraic geometry.
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The inner part of the rim. In measure theory, we could say that 𝜂(𝜓) = 1 for every 𝜓 different
from the border.
The generic point of our metaphysical target shot system is its inner part. In topological
terms, we could say that our target is a space equipped with a relational structure whose
open sets delimit the internal area, the closed ones determine the border, and then we could
show that the set of points internal to the target are dense concerning its circumference.
Figure 1.1: Our metaphysical
target.
Now consider a six-sided die, five of which are painted
blue, such that only one face is red. If I roll the dice, how
likely is it that a specific color will fall? For blue, we have
5
6 ; for red,
1
6 . A generic face of such die, we can say, is
blue – not red. This is because the probability of this die
falling with the blue face-up is much greater than anything
else. Such interplay between genericity and probability lead
to the theory that genericity expresses high probability (see
[4], [5]).
It is important to notice that those notions are quite
different. If we assume that genericity is something that
expresses high probability, then we do not have, necessarily,
something that has measure equal to 1, and vice-versa. Similarly, in the case of genericity
modeled as a measure, we can take genericity as something that resembles essence: generic
properties are those that are essential to the being. Those differences are important because
it sheds different lights in the same objects. Consider, for instance, the following generic
sentence:
Birds fly.
We should ask: is it an essential feature of birds to be a flying being? This view would
be quite strange. If this is true, we would not be able to characterize penguins as birds,
for example. So we can hardly hold this. In this case, would be more appropriate to say
that what this proposition expresses is that, if we take any object that is bird, that object
will probably be capable to fly. In this case, we are not saying that the measure of flying
capability for such beings is 1, and therefore we don’t need to commit ourselves to the thesis
that flying is an essential characteristic of birds.
In this dissertation, we will be interested in investigating the notion of genericity from a
specific perspective, namely, that of generic as a property. More formally, we will argue that,
given a set 𝜏 , we can define a subset Φ ⊆ 𝜏 , such that
Φ = {𝑥 | 𝑥 ∈ 𝜏 ∧𝐺(𝑥)}
15
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Figure 1.2: Our six-sided die.
In this sense, “A generic polynomial does not vanish at zero”. “A generic pencil isn’t
blue”. “A generic man is mortal”. Such a proposition, given an adequate model, should all
be true with a well defined predicate of genericity 𝐺. To doing so, we will have as central the
notion of generic point, whose history goes back to the mathematical practice of the so-called
Italian school of algebraic geometry, but that has very intricate roots whatsoever.
Generic points are those points of a space whose only property is a generic one. As
we will see, this special property happens to be, in a set-theoretic framework, the property
of belonging to every subset of a certain domain. So, in this sense, we can think about
it as a point that pervades every other point of the space. This idea culminates with the
important work of geometers like Corrado Segre, Severi, Castelnuovo and was developed by
prominent mathematicians like Van der Waerden and André Weil in the subsequent years
of the twentieth century. This interesting point has some important properties, like being
the fixed point of itself, and in this dissertation, we will explore that in three central axes:
Historical, Philosophical, and Logical. In the course of this work, we will emphasize, in the
set of all the central features of that mathematical structure, those that will serve as the
basic elements for, in the end, we suggest a logical calculus for genericity.
If we are right, we expect to give an account of the phenomenon of genericity in languages
in general. The central idea is that one can think about generic sentences as a sentence that
points to a generic structure. In our case, this generic structure will be precisely the generic
points, which we will address below in more detail.
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Chapter 2
From Plato to Weil and beyond:
Genericity through the history of
mathematics
The ordinary arithmetician, surely,
operates with unequal units; his ‘two’
may be two armies or two cows or two
anythings from the smallest thing in
the world to the biggest; while the
philosopher will have nothing to do
with him, unless he consents to make
every single instance of his unit equal
to every other of its infinite number of
instances.
Plato, Philebus.
At the end of the 19th century, genericity took a big leap toward mathematical analy-
sis pathway with the developments promoted by the Italian school of algebraic geometry.
However, its origins can be traced back to ancient mathematics in the work of prominent
philosophers and mathematicians, such as Plato and Euclid. In this article, we will try to
show how a key notion in the structuralist turn of algebraic geometry evolved from a vague
linguistic phenomenon to a precise and fruitful mathematical concept.
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2.1 Introduction
In everyday language, genericity acts as an important catalyst for equivalence classes.
Unlike universality, genericity produces true judgments about the world even when the pred-
ication does not hold for every object that fits in the definition of the predicate. If one says,
for example, that “All birds fly”, one will be saying something patently false. On the other
hand, if one says ‘ “Birds fly”, one will be, for sure, asserting a true proposition – even if it
is false that the same does hold for every bird. In mathematics, this idea goes side by side
with the use of variable terms, like 𝑥 in “let 𝑥 be an arbitrary element of a set”, and has a
long application history.
At face value, genericity is as old as mathematics itself. At least, since the mathematician
realized that it is on the universality of mathematical proofs that the noblest characteristic
of mathematics rests upon. When the first geometer proves the first theorem, or when
the first algebraist 1solves the first equation, or even when the first computer ran the first
algorithm, genericity was there. But it was only with the development of algebraic methods
of mathematical analysis that the concept, as a method, began to be applied. When Weil
introduces the very notion of generic point on his Foundations of Algebraic Geometry, he
shows how a linguistic trick can turn into a precise mathematical concept.
This concept, however, has an intricate root. Arguments that make use of such a tool
goes back to the nineteenth century with the contributions of the famous Italian school of
algebraic geometry. At that time, after the revolutionary work B. Riemann (1826 − 1866) on
non-euclidean spaces, it became clear that geometry is more than human intuition is capable
of grasping. Under the influence of H. Schubert (1848−1911), F. Klein (1849−1925) and M.
Noether (1844 − 1921), mathematics started to become more and more abstract and general.
In the words of E. Bell [1],
As mathematics passed the year 1800 and entered the recent period, there
was a steady trend toward increasing abstractness and generality. By the
middle of the nineteenth century, the spirit of mathematics had changed so
profoundly that even the leading mathematicians of the eighteenth century,
could they have witnessed to outcome of half a century’s progress, would
scarcely have recognized it as mathematics. The older point of view of
course persisted, but it was no longer that of the men who were creating
new mathematics. Another quarter of a century, and it had become almost
a disgrace for a first-rank mathematician to attack a special problem of the
kind that would have engaged Euler in much of his work.
Following the progress of formal knowledge, mathematics ceased to be a science of special
cases and became a broader field capable of unifying the exploration of such cases in elegant
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theories. As Bell remarks, in what concerns the new mathematics, “abstractness and gener-
ality, directed to the creation of universal methods and inclusive theories, became the order
of the day.” [1] In this context, notions that once were taken for granted, face the need to
receive new characterizations. In particular, the euclidean understanding of what is a straight
line ceased to be sufficient.
This essay aims to give a glimpse on the evolution of the phenomena of genericity: from
its first appearance as a vague ideal of universality, until its crystallization as a tool in the
technical apparatus of the algebraist. In the course of that, we will emphasize the interplay
between techniques outside mathematical thinking and the development of formal methods.
To accomplish this task, we will focus on the genesis of the mathematical concept of generic
point, which emerged in the context of the development of algebraic geometry as a kind of
argument by generalization and fully embodied the older notion of genericity after the precise
mathematical formulation given by André Weil.
2.2 An ancient dual
In a famous passage of a Plato’s dialogue, Meno asks for Socrates to elucidate the epis-
temological position of his, according to which no one is bound to learn, but everyone is a
rememberer of past lives. Such a view became known as reminiscent theory. To accomplish
the exposée, according to Socrates, he only needs to have someone who is a greek speaker
with no previous (formal) background in geometry. Meno then offers a born-in-the-house
attendant. After pushing the boy into his limits, Socrates argues that he can make him
to recollect, from the bottom of his soul, the things that he already knows: that is, the
knowledge that the double of every square is the square of the diagonal; and, from that, the
geometrical method for doubling the square by taking the square generated by its diagonal.
[Socrates] Now you should note how, as a result of this perplexity, he will go
on and discover something by joint inquiry with me, while I merely ask
questions and do not teach him; and be on the watch to see if at any point
you find me teaching him or expounding to him, instead of questioning him
on his opinions. Tell me, boy: here we have a square of four feet,1 have we
not? You understand?
[Boy] Yes.





[Socrates] And here a third,3 equal to either of them?
[Boy] Yes.
[Socrates] Now shall we fill up this vacant space4 in the corner?
[Boy] By all means.
[Socrates] So here we must have four equal spaces?
[Boy] Yes.




[Socrates] But it was to have been only twice, you remember?
[Boy]
To be sure.
[Socrates] And does this line,5 drawn from corner to corner, cut in two
each of these spaces?
[Boy] Yes.
[Socrates] And have we here four equal lines6 containing this space7?
[Boy] We have.
[Socrates] Now consider how large this space8 is.
[Boy] I do not understand.
[Socrates] Has not each of the inside lines cut off half of each of these four
spaces?
[Boy] Yes.
[Socrates] And how many spaces of that size are there in this part?
[Boy] Four.

















Figure 2.1: Plato’s square.
[Socrates] And four is how many times two?
[Boy] Twice.
[Socrates] And how many feet is this space10?
[Boy] Eight feet.
[Socrates] From what line do we get this figure?
[Boy] From this.
[Socrates] From the line drawn corner-wise across the (our-foot figure?
[Boy] Yes.
[Socrates] The professors call it the diagonal: so if the diagonal is its name,
then according to you, Meno’s boy, the double space is the square of the
diagonal.
[Boy] Yes, certainly it is, Socrates.
[Socrates] What do you think, Meno? Was there any opinion that he did
not give as an answer of his own thought?
According to Plato, to know is to recollect innate ideas: in the framework of Plato’s theory
of forms, we never discover new truths. Everything that we can know was already learned by
our soul in the infinite realm of eternity. In this passage [19], Socrates conduces the boy to
recollect, from his innate ideas of geometrical laws, a solution for a two-dimensional version
to one of the most prominent geometrical problems of ancient Greece: that is, the problem of
doubling the cube; in other words, the problem of, given a cube, finding another one whose
volume is the double of the first.
10BDFH.
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The problem of double the cube is one of the most important geometrical problems of
ancient mathematics. About that, Theon of Smyrna, who quotes a work by Eratosthenes [13]
once said:
Eratosthenes, in his work entitled Platonicus relates that, when the god
proclaimed to the Delians through the oracle that, in order to get rid of a
plague, they should construct an altar double that of the existing one, their
craftsmen fell into great perplexity in their efforts to discover how a solid
could be made the double of a similar solid; they therefore went to ask Plato
about it, and he replied that the oracle meant, not that the god wanted an
altar of double the size, but that he wished, in setting them the task, to
shame the Greeks for their neglect of mathematics and their contempt of
geometry.
Whether Plato’s reminiscent theory of knowledge is plausible or not, there is a prag-
matic problem much more serious regarding the method exposed by Socrates for solving the
problem of doubling the square. As Dieudonné observes in History of Algebraic Geometry,
“(..) the Greeks cannot even separate algebra from geometry since algebra for them is es-
sentially “geometric”: it must be remembered that they do not calculate with numbers but
with magnitudes and their relations, and that when they multiply two lengths, they obtain
a magnitude of another type, namely, an area.” [8] Those limitations imposed severe restric-
tions on the geometrical development of the classical age. Was only with the renaissance of
mathematics itself, more precisely with the work of Descartes on cubics, that a revolution
conducted into new insights and discoveries.
Notice, however, how deep-rooted genericity is already on Socrate’s remarks about the
nature of our knowledge: the idea that leads the boy to recollect his knowledge from his
soul is not a specific thing, being an idea that can be applied over and over again, with any
square; but, at the same time, it is not ambiguous, being an effective method11. Despite the
inadequacy of the mathematical frame, in a more broad sense, of ancient geometry, the effort
of the Greek geometers, illustrated by this passage, paved the way to the study of algebraic
varieties.
11For several reasons, we cannot (and we are not) argue that the Ideal form of the elements is generics in
the sense that we nowadays think about it. However, we can find some shared elements between both; in
particular, in the reproducibility of a platonic Ideal in the plethora of instances that resembles it. Moreover,
it is not a consensus that one should read Plato’s as an instancialist rather than a universalist. In this sense, I
would like to stress that is not my intent to give an account of Plato’s philosophy of mathematics but only to
point out that the structure presented by him in this specific passage of Meno carries elements of genericity.
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2.3 The renaissance of geometry
Figure 2.2: An artist drawing with his perspective machinery. “Man drawing a Lute” – By
Albrecht Dürer (1530).
The Renaissance was a historical period with many unfoldings in Arts, Religion, and
Science. Most important are the new techniques developed in the science of graphical repre-
sentation. Artists like Albrecht Dürer (1471 − 1528) were responsible for giving a new way
to deal with artistic representations of the real world. It is not by chance that this period
became known as the moment when Art discovers perspective.
If we understand perspective as a way of “representing objects as it appears”, then it
has existed in Arts since antiquity. However, the vague notion of point of view started its
development as a precise technique only in the period that preceded the Renaissance, with the
work of eminent artists like Giotto (1267−1337) and, posteriorly, Brunelleschi (1377−1446).
In mathematics, however, at that time, it was not that clear how to formally understand
perspective. Giotto himself tried to depict perspective via algebraic equations by calculating
the distance between lines; however, because of the inadequacy of the mathematical methods
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of that time, he was not able to obtain trusted representations. Despite that, it became clear
that geometry should offer a model to shape this matter, being doubtless that “the great ad-
vance in perspective drawing by the artists of the Renaissance made inevitable the emergence
of a geometrical theory including perspective as a special case.” [1] Let us remember that,
in the first centuries of this new era, Euclidean geometry was still the only known geometry.
It was with Descartes’ work that this started to change, when important contributions were
made in the road to the algebraization of geometrical concepts.
The further development of mathematics led to a revolution, and to the establishment
of the first reliable algebraic method to analyze geometrical elements. The revolution was
settled by René Descartes (1596 − 1650), a French philosopher and mathematician, famous
for the so-called Cartesian coordinate system. It is important to stress that the very idea of
coordinates was not discovered first by Descartes himself. Those systems were applied at least
since Apollonius of Perugia, who set up about 200 B.C.E., a coordinate system to study conic
sections. However, Descartes was the first who came up with the idea of unifying algebra
and geometry via a system of coordinates. In particular, was Descartes who conceived the
now widely spread method of graphing a function.







𝑥2 + 𝑦2 = 1
Figure 2.3: A circle of radius equal to 1 illustrating Descartes concept of coordinated system.
In a remark about Poncelet’s Traité des propriétés projectives, Darboux (1842 – 1917)
observes “We know, moreover, by the unfortunate publication of the Saratoff notes, that it
was by the aid of Cartesian analysis that the principles which serve as the base of the Traité
des propriétés projectives were first established” [1]. Even if we try, we would never be able
to underestimate Descartes’ influence in Western thought, which was profound and can be
perceived even today. The discoveries and developments led by him made it possible to refine
and expand our theories about geometrical objects, as, for instance, about what is a point
and how we should comprehend the behaviour of parallel straight lines in deformative spaces.
24
Point at infinity
For many centuries, the standard way to understand geometry was through the basis
settled by Euclid’s Elements. One of the important axioms that make up the book, postulates
that, in two-dimensional geometry
(...) if a straight line falling on two straight lines make the interior angles on
the same side less than two right angles, the two straight lines, if produced
indefinitely, meet on that side on which the angles are less than two right
angles.
This axiom became known as the parallel postulate because one of its consequences is that
two parallel straight lines cannot ever meet. The problem that this imposes on the notion of
perspective is that, depending on the point of view, the axiom did not hold. If we consider
a space deformed by perspective, two parallel straight lines do meet. To see that, we can
imagine the optical illusion produced by the horizon at the far end of a big road in the desert,
as illustrated by Figure 2.4 12. In this view, the borderlines of the road, at a certain point,
collapse into a single one. This vanishing point, in projective geometry, is what geometers
started to call a point at infinity.
With the development of new ways of thinking about the geometrical structure of reality,
Euclid’s geometry loses its place as the necessary way of representing the broader notion
of space. As time went by, it became clear to geometers that in rejecting Euclid’s fifth
axiom, several new geometries became not only possible but, more importantly, useful. An
important example of this revolution is the concept of point at infinity of projective geometry.
If we do not restrict our space with the law that two parallels cannot coincide, then we can
mathematically model the notion of horizon as a point where everything collapses.
2.4 Italian school of algebraic geometry
In a sense, the point at infinity is fiction. Unlike fiction in Arts, however, its existence is
mathematically justified. In science, fictions like that are tools to obtain models of reality.
With the subsequent development of mathematics, such tools started to brand new ways
of modeling the world. This is the case of algebraic geometry, which formally appeared as
a branch of Field Theory and until today is the most proficuous way to understand the
realm of the polynomials. Thanks to advances in this area, it was possible to prove Fermat’s
Last Theorem. In the realm of the polynomials, the concept of the point at infinity, or the
vanishing point, gives way to the notion of a generic point. To comprehend how this concept
12Designed by starline / Freepik.
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Figure 2.4: Vanishing point at the horizon.
emerged, we have to fly from the Renaissance to the 19th century and take a look at the
group of mathematicians led by Corrado Segre: the Italian school of algebraic geometry.
Corrado Segre (1861 − 1924) was an Italian mathematician best known for his contribu-
tions to algebraic geometry. He was a major contributor to the early stage of development of
the field, being responsible for expanding it and spreading among his students the newborn
discipline. After an experience in Germany and other countries, Segre returned to Italy car-
rying in his luggage an intense desire to systematically develop the novelties he had learned
from mathematicians at the forefront, aiming to “importing to Italy ideas that had been
developing elsewhere.” [15]
In this context, at the end of the nineteenth century, under the influence of Felix Klein’s
Erlangen Program, algebraic geometry flourished among Segre’s students. What had become
to be known as the Italian school of algebraic geometry, a movement headed by Corrado Segre,
Francesco Severi, Guido Castelnuovo, and Federigo Enriques, was responsible for bringing the
most important contributions to the brand new field of mathematics. Between the innovations
that the fruitful work of this group introduces, lies the use of generic points in definitions of
concepts and theorem proving.
Regarding their influences, it is enlightening to see how Segre pointed out Noether’s
and Brill celebrated memoir Ueber die algebraischen Functionen und ihre Anwendung in der
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Geometrie. In his famous talk at the third International Congress of Mathematicians, held in
Heidelberg in 1905, “La Geometria d’oggidì e i suoi legami coll’Analisi” [15], Segre pointed
out that
A whole Italian school of geometers recognizes its starting point in the
Memoir by Brill and Noether! Those concepts became even more fertile
when, thanks precisely to this school, they took on a more abstract and
more general character, being referred to algebraic curves, especially with
the methodical introduction of the important notion of the sum of two linear
series (corresponding to that of product in the field of rationality defined by
an algebraic irrational). With these tools Castelnuovo obtained major new
results on algebraic curves, for example regarding the issue of postulation,
which I have already mentioned. More important still is the way in which
it has been possible to apply that theory, or to extend it, by analogy, to
surface geometry! (Segre 1905, 115, in [15]).
Thanks to the work of this school, the use of generic points (puntos genericos) became
straightforward and unconstrained. It is not an overstatement to say that it was in the period
1880 − 1940 that the concept germinated more decisively. The use became so important that
drew the attention of the international community, leading A. Weil to dedicate the firsts
propositions of his Foundations of Algebraic Geometry to explain precisely what it is to talk
about generic points. Before that, however, several mathematicians built their works based
on such points: Castelnuovo, Fano, Severi , Thullen, to name a few. Notice how, in the
following passage from an article of Severi, the notion is applied naturally.
Sia 𝑃 un punto doppio proprio della superficie 𝐹 , che, secondo la nostra
definizione, non sarà dunque una superficie generale dello 𝑆4. Da un punto
generico 𝑂 dello spazio ambiente esce un cono di corde della 𝑃 , il quale non
conriene la retta 𝑂𝑃 . Per questo fatto la OP non potrà appartenere alla
varietà delle ∞+ corde di 𝐹 ; nè quindi potrà la congiungente di due punti di
𝐹 , che si approssimano a 𝑃 con una legge qualsiasi, tendere alla 𝑂𝑃 . [20]13
In fact, the use of superficie generale remounts to Veronese’s Foundations of Geometry,
where, in a very Kantian flavor, the author distinguishes between ordinary surfaces of our
intuition and the general surface of geometrical theories. This distinction was very important
13“Let 𝑃 be a double point of the surface 𝐹 , which, according to our definition, will not therefore be a
general surface of 𝑆4. From a generic point 𝑂 of the ambient space comes a cone of chords of the 𝑃 , which
does not contain the line 𝑂𝑃 . From this fact follows that OP cannot belong to the variety of the ∞+ chords
of 𝐹 ; nor can the conjunction of any two points of 𝐹 , which approximate 𝑃 with an arbitrary law, tend to
𝑂𝑃 .”
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to the subsequent work of the Italians geometers and lies at the core of the notion of generic
point in this period. Despite that, as the foundations of mathematics became one of the
main topics of interest of mathematical groups of the twentieth century, in particular to
the famous Association of Collaborators of Nicolas Bourbaki, several notions that somehow
lacked mathematical rigor were put in suspension.
2.5 Foundations reframed
However central the notion of generic point was for several works that flourish in Segre’s
school of algebraic geometry, we cannot find any precise definition of the Italian notion of
punto generico. This drew the attention of the international community. One of the first
mathematicians to notice that problem and to investigate it was B. L. Van der Waerden
(1903 − 1996), who, in the introduction of his famous notes about de genesis of the formal-
ization of generic points [21], says
What do the Italian geometers mean by a generic point on a variety ...
? Obviously, a generic point is supposed not to have certain undesirable
properties. For instance, a generic plane is not tangent to a given curve, it
does not pass through a given point, etc. I asked: is it possible to find, on
a given variety U, a point 𝜉 not having any special properties except those
which hold for all points of 𝑈?
The problem that Van der Waerden points out is that one can observe a lack of foundation
regarding tacit arguments in the use of generic points by the practitioners of the Italian school.
To maintain that general properties are valid to every point, the Italians geometers rest upon
nothing but the thesis that the principle of continuity holds for every algebraic variety [8],
in a non-well-justified and vague application of Schubert’s principle of the conservation of
number. However, as Bell put it “Schubert’s ‘principle of the conservation of number,’ ...
rested on nothing that could now be recognized as a foundation.” [1].
One could argue that we should not be too much concerned with foundational issues if our
theory is well developed and exhibits interesting results. This seems to be Corrado Segre’s
position. In a response to Peano, Segre once said that “In my opinion if a theory is wonderful,
and therefore reaches the main aim of science, the honor of the human mind, I cannot ask
anything else.” [3]. Needless to say, in mathematics, this is far from being the standard view.
In particular, as we shall see, there was a group of mathematicians that raised the flag of
another way of thinking about the foundations of mathematics.
28
Figure 2.5: Photo taken in July 1935, during the first official conference of Bourbaki, in
Besse-et-Saint-Anastaise. Standing, from left to right: Henri Cartan, René de Possel, Jean
Dieudonné, André Weil and Luc Olivier. Sitting, from left to right: a “guinea pig” called
Mirles, Claude Chevalley and Szolem Mandelbrojt.
2.5.1 Bourbaki and the struggle for formal refinements
From the second quarter of the twentieth century henceforward, a group of mathemati-
cians under the pseudonym of Nicolas Bourbaki published a series of treatises in several areas
of mathematics intending to give a solid basis for what became known as the fundamental
structures of mathematics. Founded in 1934−1935, the Association of Collaborators of Nico-
las Bourbaki became famous due to the extreme rigour of their results and the great power
of abstractness of their work in general. Alongside those mathematicians, was André Weil.
If the mathematics of the twentieth century differs significantly from that of
nineteenth, possibly the most important disctinctions are a marked increase
of abstractness with a consequent gain in generality, and a growing preoc-
cupation with the morphology and comparative anatomy of mathematical
structures.
André Weil (1906 − 1998) (standing 14) was a leading researcher that worked on several
fields of mathematics. From basic number theory to advanced topics in algebraic varieties,
his works were impactful and profound. During World War II, Weil and his family sailed to
New York City, where they remained with the support from the Rockefeller Foundation and
14Source: GUILBAUD, S. Bourbaki et la fondation des maths modernes. 2015. Available in:
<https://lejournal.cnrs.fr/articles/bourbaki-et-la-fondation-des-maths-modernes>. Accessed in: Oct. 29,
2020.
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the Guggenheim Foundation. After this period, which lasted from 1941 to 1945, the French
mathematician moved to São Paulo, where he stayed for two years. In Brazil, alongside
Oscar Zariski, who was another great mathematician of the 20th century, he taught at the
University of São Paulo (USP). During this period, he published his seminal work on algebraic
geometry under the name of Foundations of Algebraic Geometry, which even today is a source
of insights among mathematicians all around the world.
Famously, in the Introduction of his Foundations of Algebraic Geometry[22] A. Weil dis-
cusses two different points of view concerning mathematical practice: the one that takes
mathematics as being a critical work, and another that holds that mathematics is, above all,
a creative enterprise. As he remarks, “Algebraic geometry, despite its beauty and importance,
has long been held in disrepute by many mathematicians as lacking proper foundations.” [22].
One of the central discomforts of Weil was the lack of foundation of the theory employed by
Severi and his colleagues. As he says “To take only one instance, a personal one, this book
has arisen from the necessity of giving a firm basis to Severi’s theory of correspondences on
algebraic curves (...)” [22].
This stance is in agreement with the more wide mathematical framework of the twentieth
century, as we can see in another remark of Bell, “If the mathematics of the twentieth century
differs significantly from that of nineteenth, possibly the most important distinctions are a
marked increase of abstractness with a consequent gain in generality, and a growing preoc-
cupation with the morphology and comparative anatomy of mathematical structures” [1] .
The worries that encouraged Bourbaki group on their work in general and, in particular,
A. Weil, was that the edifice of mathematics could not be erected above weak foundations,
under penalty of going to the ground in the first wind that the structure had to endure.
These worries lead to fundamental changes in the work of the mathematician in the
street, to take an expression from A. Turing [ref]. Mathematics ceased to be a science of the
magnitudes, as it once was with the Greeks – it is not merely a means of relations between
measures anymore. With the revolution toward the formal sciences, also because of the
discovery of fundamental paradoxes, the edifice of mathematics had to be reframed.
[Mathematics] is like a big city, whose outlying districts and suburbs en-
croach incessantly, and in a somewhat chaotic manner, on the surrounding
country, while the centre is rebuilt from time to time, each time in ac-
cordance with a more clearly conceived plan and a more majestic order,
tearing down the old sections with their labyrinths and alleys, and project-
ing towards the periphery new avenues, more direct, broader, and more
commodious. [10]
As this passage of Bourbaki indicates, in this new way of dealing with the field, math-
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ematical science, as a whole, faces the requirement of being reconstructed and redesigned
from time to time. In the new century, mathematical theories transform themselves into
mathematical structures. From now on, notions of algebraic structures (such as ring, group,
module, field) became “the fundamental ones”. In Dieuddoné’s words, “It was therefore quite
natural to think of an ‘abstract’ extension of algebraic geometry, in which the coefficients of
the equations and the coordinates of the points would belong to an arbitrary field.” [8]
2.5.2 The generic point find its definition
In the context of those changes, the old idea of the Italian geometers of using punto
generico as a mark for the application of the concept of general position could then, with
the foundational work of Van der Waerden and André Weil, finally receive a rigid foundation.
The Italians (not to speak of their predecessors) used these notions with a
freedom which, to their critics of the orthodox algebraic school, bordered on
recklessness. As long as the underlying field was 𝐶, the notion of “elements
in general position” could be easily justified by an appeal to continuity
(although the Italians seldom bothered to prove that these elements formed
open sets in the spaces they considered). (...) Van der Waerden calls this
point a generic point of 𝑉 , for it is immediate to check that for any extension
𝐾 ′ of 𝑘, any point of 𝑉𝐾′ is a specialization of (1, 𝜉, ..., 𝜉𝑛). Such points can
then be used in the same way as the “general points” of the Italians, despite
their apparently tautological character: any theorem proved for generic
points (and of course expressible by algebraic equations (not inequalities!)
between their coordinates) is valid for arbitrary points of corresponding
varieties
With the advance of mathematical methods, genericity gained a new guise. It became a
structure. If your space is not completely separable, then one can always add a generic point
to it, being such a point, by definition, a dense set. In this context, generic points were an
important step forward in the formalization of the vague idea of generality. As Dieudonné
remarks “The most conspicuous progress realized during that period is the successful defi-
nition, in algebraic geometry over an arbitrary field, of the concepts of generic point and of
intersection multiplicity, due to the combined efforts of van der Waerden and A. Weil.” [8].
The precise definition of generic point can be found in page 69 of Weil’s book. However,
his definition presupposes that the reader already understands some other notions. In the
following three steps, we try to reconstruct Proposition 1 via the definition of its central
concepts, which are specialization and generic specialization.
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1. “Let (x) and (x’) be two sets of n quantities, and 𝛽, 𝛽′ the ideals they determine over
a field k; if 𝛽 ⊂ 𝛽′, i.e. if we have F(x’) = 0 whenever F(X) is in k[X] and such that
F(x) = 0, then we say that (x’) is a specialization of (x) over k.” ([22], 1946, p. 26)
2. “If two sets of generalized quantities, (𝑥) and (𝑥′), are specializations of each other over
a field k, we say that they are generic specializations of each other over k.” ([22], 1946,
p. 27)
3. “Let 𝑉 be the locus of a point 𝑃 over a field 𝑘. Then a point 𝑃 ′ is a generic point of
𝑉 over 𝑘 if and only if it is a generic specialization of 𝑃 over 𝑘.” ([22], 1946, p. 69)
The mathematicians of the twentieth century realized that every property of such a generic
point is a property of every other point of your space, just like the Italians already did
with their punto generico, but now with a precise foundation. In a sense, this is exactly
what one expected when proving a general result about a mathematical structure. In a
brief comment about generic points in a talk about the historical development of algebraic
geometry, Dieudonné remarks [9]
Since Poncelet’s time, it has been customary in algebraic geometry to re-
strict the proofs of most of the general theorems to the case where the points
or the algebraic varieties under consideration are “in general position,” (...)
Stated a little more precisely, if the point of affine or projective space having
these parameters for coordinates is considered, the problem studied implies
that this point belongs to an algebraic variety V, and the points of V for
which the data are not “in general position” are the points of algebraic sub-
varieties WWj of V, distinct from V. If V is irreducible, it follows that the
complement of the Wj is an open, everywhere dense subset of V.
Which became clear after the work of Van der Waerden in realizing the gap between the
use of the concept and its mathematical definition and the foundational worries of André
Weil, is that the punto generico that once were applied by the Italians geometers as a mean
to obtain general arguments in their proofs now can be understood in a more precise manner
as a dense subset of an irreducible variety.
2.6 Beyond foundations
As we saw, according to Dieudonné, generic points were introduced into mathematical
practice as a matter to tighten the notion of a general position. After that, with the work of
Van der Waerden and Weil, the notion became more precise and could be understood as a
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dense subset of an algebraically closed space. Despite its importance to the field of algebraic
geometry, however, the book from 1946 of Weil did not put an end to the problem of defining
generic points. One of its central problems is that with the definition given by Weil, in a
unique variety we do not have a single generic point, but an infinity family of identical points
with the property of being generic. This happens as a consequence of the definition of generic
specialization and mainly because over the same field we always have infinite quantities that
are specializations of each other. To see that, consider the class of equivalence given by the
set of all quantities that is equal to itself. If one’s domain is infinite, then one has infinite
elements that are equal to itself.
It was necessary a new refinement of the notion, which didn’t take long to happen. In 1960,
Alexander Grothendieck (1928 − 2014), assisted by Jean Dieudonné (1906 − 1992), started
publishing a series of fascicles that later composed the Éléments de géométrie algébrique
(EGA) and became known as a cornerstone of the field of algebraic geometry. In this book,
Grothendieck established a systematic foundation of algebraic geometry via schemes, which
he rigorously defined. In the framework of this new theory, he was able to define a generic
point that does not use specializations, but schemes.
In doing so, the mathematicians foresaw the method of change of basis, which allowed
to bring back some important features of mathematical analysis. As a consequence, the
intersection between the tools of Zariski topology and the continuity argument was made
possible. As Dieudonné pointed out
The notion of generic point, which had disappeared from the Serre-Chevalley
theory, is now reintroduced in a natural way: for instance, if A is an integral
domain, its (unique) generic point is the prime ideal (0) in Spec(A); its
“generic” property is expressed by the fact that its closure is the whole
space Spec(A), and thus continuity arguments in the Italian style (but in
the Zariski topology!) are now again available.
With this new definition, it became clear that genericity could be applied in several ways
in algebraic geometry without the need of sacrifice rigor, clarity or any other mathematical
desideratum. Besides its importance in formalizing the notion of genericity, the generic points
also made it possible to create a general method of change of basis.
Most of the time this fundamental process is applied to study the morphism
𝑓 : 𝑋 → 𝑆 by replacing the "base" 𝑆 by another one 𝑌 , in such a way that
the new morphism 𝑝2, which is now written 𝑓(𝑌 ) : 𝑋(𝑌 ) → 𝑌 ... can be
more easily handled. This "change of base" is probably the most powerful
tool in the theory of schemes, generalizing in a bewildering variety of ways
the old idea of "extending the scalars."
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Figure 2.6: 𝑆𝑝𝑒𝑐(Z). See Mumford [7].
Remember how important was the introduction of the point at infinity to the Renaissance
of geometry. At that period, some work was done regarding the idea of extending the scalars:
the notion of point ceased to be only “that which has no part” and started to become a more
embracing concept. And now, with the generic point, the family of the scalars received a
brand new member that allowed the mat to naturally model the notion of change of base.
To understand it better, it may be useful to have a look at how generic points look like.
2.6.1 On how generic points looks like
After the work of Grothendieck, it became clear to the mathematical community that
generic points could be rigorously applied in the analysis of algebraic varieties. One of the
researchers that worked on the notion was the Fields Medalist David Mumford (1937−).
In 1988, Springer-Verlag published some of his notes under the name of The Red Book of
Varieties and Schemes [7], which is a compilation of his annotations on lectures in algebraic
geometry. Rapidly, Mumford’s book became a classic in the field.
In 2007, the author received the AMS Leroy P. Steele Prize for Mathematical Exposition,
with honors for “his beautiful expository accounts of a host of aspects of algebraic geom-
etry”15. In the occasion of the prize, the AMS jury describes the importance of The Red
Book of Varieties and Schemes by saying that “This is one of the few books that attempt
to convey in pictures some of the highly abstract notions that arise in the field of algebraic
geometry.” One of those pictures offers a way to depict generic points graphically.
In this figure, Mumford depicts the space generated by the spectrum of the ring of the
integers (𝑆𝑝𝑒𝑐(Z)). If we read this from left to right, then we have, in the first place, the set
of all integers that are divisible by 2. And then, the set of all numbers that is divisible by 3,
and then by 5, by 7, and so on. At the very end of this progression is the set of all numbers
that are divisible by zero. Now, it is important to notice that, with the only exception of zero
itself, every integer number is divisible by zero. Mumford chooses to represent this density
inherent to the generic points as a “hairy ball”. To understand why he does that, we have
to realize that the generic points are the subsets of the space that is a subset of every other
15LEBRUYN, L. Mumford’s treasure map. 2008. Available in:
<http://www.neverendingbooks.org/mumfords-treasure-map>. Accessed in: Oct. 29, 2020.
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Figure 2.7: Mumford’s arithmetic surface.
open set of the space, which makes them denses sets. And this is why the representation is
so clever: with this “hairy ball”, Mumford aims to convey, with an apparent mess, the idea
that a generic point is a special point where all the other points collide.
In the above figure, we have what Mumford calls the arithmetic surface. To understand
what is depicted there, we have to keep in mind that the hairy balls represent the density of
the generic points: in each 𝑉 ((𝑥)), Mumford represents the family of varieties that has the
quotient equal to zero up to x. For each such family, there is a generic point. This is why the
spectrum of the polynomial rings over the field of the integer has not only one, but infinite
(different) generic points. It is beyond the scope of this work to explain the mathematical
details of this space, but even from a layman’s point of view Mumford’s graphical represen-
tation is comprehensive. In any case, it is enlightening for those who want to have an idea
of how are the behaviours of generic points in the case of 𝑆𝑝𝑒𝑐(Z[𝑥])).
It is worth noticed that the [(0)], which is the set of every polynomial that is divisible by
zero, is depicted outside of the grid. Once again, this is because the ideal generated by the
zero-ring is such that it includes every other ring of the entire space. In this sense, it suits
greatly to the operations of change of base, just like Dieudonné pointed out.
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2.7 Conclusion
In this essay, we tried to show how genericity, which first appears as a kind of smooth
universality, turned into the precise concept of generic point. Along that path, we saw how
the contributions made by Plato, Descartes, Segre, Weil, Grothendieck and, finally, Mumford,
were central to the development of the generics in mathematics.
As we saw, one of the central features introduced by those points were the general ar-
guments, which make it possible for the mathematician to shorten their proofs and increase
their clarity. In the course of this development, genericity became more and more a tool for
the working algebraist. Besides that, the contributions made by Weil and Grotendieck are




If now I am asked whether there are
arbitrary objects, I will answer
according to the intended sense of
‘there are’. If it is the ontologically
significant sense, then I am happy to
agree with my opponent and say ‘no’.
A Defence of Arbitrary Objects, Kit
Fine.
In the course of explaining what is an arbitrary object, we must distinguish between
two approaches: the platonic, realistic one; and the pragmatic, structuralist other. These
approaches can be explained in the following way.
Let us consider the set 𝑃 of all physical objects and the set 𝑀 of all the metaphysical
ones. Let us define a topology 𝜏0 over 𝑃 such that every open set is a physical thing and
a topology 𝜏1 such that every open set is a metaphysical one. Clearly, 𝜏0 is a topology,
once (i) the union and intersection of two physical things is itself physical; (ii) the set of all
physical things is also physical. Similarly, for 𝜏1. The (i) The platonist approach is such
that for every topology over physical elements, must exists a function 𝑓 that assigns, to each
open set 𝑥 ∈ 𝜏0, an open set of 𝜏1. (ii) The structuralist view, by its turn, does not hold any
homomorphism between those two topologies.
In this dissertation, we will be interested in the second option, the pragmatic approach,
which was envisioned by Kit Fine [11] and was recently reframed and developed by Leon
Horsten [14]. For that, in this chapter, we shall be concerned in exploring ways to match the
notion of genericity with the broader philosophical dual arbitrariness. In the next chapter, in
which genericity will be defined in terms of the closure operator, we hope that an approach
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via formal logic will clarify open issues left behind.
3.1 Genericity
Genericity is everywhere. Intuitively, the idea behind generics resembles something that
can be multiple instances of a thing. In this sense, we can think about an algorithm. A Turing
machine is, in essence, something that can be instantiated in several physical structures, called
computers.
Webster’s dictionary registers three senses. Generic is
1. “relating to or characteristic of a whole group or class”
2. “not being or having a particular brand name ”
3. “having no particularly distinctive quality or application ”
This in mind, we could say that generic somethings cannot be specific, unique, rigorous.
However, in saying this, we would be falling into nonsense. What counts as generic can be
so precise as any other well-defined properties.
Some paradigmatic cases
0 Myriad of expressions of knowledge are made through generics. If we say, for instance:
i. Birds fly.
ii. Dogs bark.
We would be asserting, in both cases, very plausible facts about our world. Yet, we
could not say that we are affirming necessary facts nor even universal ones. How can
that be? In order to exemplify this phenomena, Dahl lists [6] a series of others examples
of generic sentences in a paper about generic tenses.
i. Beavers build dams
ii. I write with my left hand
iii. John smokes cigars
iv. The sun rises in the east
v. Oil floats on water
vi. John does not speak German
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vii. A gentleman does not offend a lady
In every case, the logical form of the sentence is not obvious. Is generics a kind of
modality? Is it a weak universal? Several attempts have been made since generics
became a topic of interest in linguistics. Next chapter, we will suggest one and discuss
its implications.
1 Now, consider a “generic even number”.
0 2 4 6 𝜔
Clearly, when we consider a generic even number, we are not being vague nor imprecise.
We are being wide: what we are doing is referring to some subset of the natural numbers.
And so, every property that holds to every element of this subset, is a generic property
of even numbers.
2 You are invited to test the brand new target shooting system created by the Metaphysical
Lab Corporation. In this equipment, the designers challenge you to hit a certain circular
area, circumscribed by an iron ring, of negligible width. Every point external to the
target (including its border) is inaccessible so that the projectile’s movement function
can adjust any trajectory as necessary. Now imagine that you take the first shot. Where
does it strike? If the instructions from the developers of the machine were evident, then
it will also be clear that the shot will always hit the same point: the target. The inner
part of the rim. In measure theory, we could say that 𝜂(𝜓) = 1 for every 𝜓 different
from the border.
The generic point of our metaphysical target shot system is its inner part. In topological
terms, we could say that our target is a space equipped with a relational structure in
which the open sets delimit the internal area, the closed ones determine the border, and
then we could show that the set of points internal to the target are dense concerning
its circumference.
3 Now consider a six-sided die, five of which are painted blue, such that only one face is red.
If I roll the dice, how likely is it that a specific color will fall? For blue, we have 56 ; for
red, 16 . A generic face of such die, we can say, is blue – not red. This is because the
probability of this die falling with the blue face-up is much greater than anything else.
Such interplay between genericity and probability lead to the theory that genericity
expresses a high probability (REF, A. Cohen).
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4 Let 𝑆 be the set defined as follows
𝑆 = {{}, {𝑥0}, {𝑥0, 𝑥1}, {𝑥0, 𝑥2}, {𝑥0, 𝑥1, 𝑥2}}
Clearly, 𝑆 is a topology, where the generic set is the open set {𝑥0}.
Now, if we think about this model a little bit, we can observe that it is precisely this
point that acts as a foundation, a link through every open set of the same topological
space.
If we manipulate our model a little more, we can obtain a family of topologies on which
the generic point remains the same, playing its role even more evidently.
𝐹𝑆 = {{}, {𝑥0}, {𝑥0, 𝑥1}, {𝑥0, 𝑥2}, ...,
{𝑥0, 𝑥1, ..., 𝑥𝑛−1}, {𝑥0, 𝑥1, 𝑥2, ..., 𝑥𝑛}}
As we can see, the set {𝑥0}, in every case, is the glue point of the topology. In fact, as
we shall prove in the next chapter, the generic point is the fixed point of the generic
function.
5 Consider the set of all things that was named as “Socrates”.
𝑆 =
⋃︁
{𝑥 | 𝑥 𝑖𝑠 𝑛𝑎𝑚𝑒𝑑 𝑎𝑠 𝑆𝑜𝑐𝑟𝑎𝑡𝑒𝑠}






𝑛 be the set
of all the properties that holds for some Socrates in such a way that 𝜙𝑛 is the set of all
the properties of the 𝑛-th Socrates. Now we define a function 𝑓 : 𝑆 → Φ such that
𝑓(𝑥) = 𝜙𝑗𝑖 ⇔ 𝜙
𝑗
𝑖 ℎ𝑜𝑙𝑑𝑠 𝑓𝑜𝑟 𝑥
So we have something like this
{< 𝑆0, 𝑔𝑟𝑒𝑒𝑘 >,< 𝑆0, 𝑏𝑜𝑙𝑑 >, ...,





Figure 3.1: A topological space with generic point.
Consider, now, the set resulting from the union of all Socrates with the set of all their
properties, in their usual order. Take the power set of that set. Would there be an
ultrafilter in which the set {< 𝑆𝜓, 𝑝ℎ𝑖𝑙𝑜𝑠𝑜𝑝ℎ𝑒𝑟 >} is dense? In other words: is being
a philosopher a generic property of Socrates? Certainly, the answer is negative. There
were many Socrates in human history that wasn’t a philosopher.
In set theory, a way to detach properties in general from generic properties is through
ultrafilters. An ultrafilter captures the largest subset of a partially ordered set. The generic
sets, which has been extensively applied to prove independence theorems about axioms of set
theory, is a filter 𝐹 of a set 𝑆 such that, for every dense subset 𝑥 ⊆ 𝑆, is true that 𝑥∩𝐹 ̸= ∅.
So, it is quite natural that we can take this notion as a way of choosing, in the set of all
properties that hold for some objects, its subset of “generic” properties.
In topology, we can use the notion of density of an open set. In measure theory, the
same notion can be capture by the concept of property that holds in almost everywhere. In
probability, via the highest chance. Thus, it is evident that the generic properties are those
that hold (at least) for almost every object of a universe.
The same conception seems to work for an older philosophical notion, which we now turn
to.
3.2 Arbitrariness
Take the example of the set of all Socrates. By itself, a term isn’t a concrete object. As
a semantic object, let’s say, the word “Socrates”, is a function. At least, that is the standard
way how logic, after Frege, has analyzed the question. In this sense, one can abstract the
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real Socrates into a formula, 𝑆(𝑥), and the property being a philosopher into 𝑃 (𝑥), with 𝑥
ranging over all objects since Xanthippe (M). And so:
M |= ∃𝑥(𝑆(𝑥) ∧ ¬𝑃 (𝑥))
Which is the same as saying “Into the world since Xanthippe, already existed an object
(a person) 𝑥 that was 𝑆𝑜𝑐𝑟𝑎𝑡𝑒𝑠 but wasn’t a philosopher”. An arbitrary Socrates, we can
say, is not a philosopher, neither an arbitrary Socrates is a man. But, certainly, an arbitrary
philosopher has to be a man. Between the concrete, factual, Socrates, and the idea behind
it, there is a long bridge. Philosophers, at least since Socrates himself, tried to understand
how can we detach the eternal kingdom of the idea, from the ephemeral, transient, kingdom
of reality.
In the previous chapter, we saw how the notion of genericity was fundamental to the
development of algebraic topology. In particular, to the development of the method of change
of basis. In this section, we will see how the similar notion of arbitrariness caused problems
in the kernel of important philosophical conceptions.
Arbitrary as abstract
One of the most recurring dualities in philosophy is the one about concrete and abstract
objects. In the epistemological frame of this perspective, it is a common sense that, as
objects cease to be concrete and become abstract, the abstraction process transforms things
into concepts. This way, if you accept that, in your ontology, physical objects and concepts
do not coincide, then an arbitrary object, being a concept, cannot be a concrete object.
However, when we look a little closer, things are never so simple. Take a natural number,
for instance. A natural number, as we well know, is an element of a set. The question is:
a number, as it is, is an abstract or a concrete object? In a sense, a number is an abstract
entity: when we add 3 to 5 we do not have 8 because we transform a thing into another, like
in a chemical metamorphosis. We can say that there was always an 8 there, waiting for us,
and we just emphasize one of the relations that hold between 5, 3, and 8. Now, take another
look: when we talk about numbers, or when we write about then, we always need to use
symbols. Without a proper language, it would be impossible to assert anything. As in any
other context (why not: others language games), in mathematics is also necessary to have a
language, a propositional structure, for the reason that such structure is what is necessary
to express both the numbers and the relations.
With this in mind, we arrive at another important duality in philosophy: the distinction
between token and type. Lets us think again about computers. A computer can be this
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computer over the table, or it can be a computer in the eternal world of ideas. When we
talk about a computer, we can say that it is capable of doing wonderful things, from simple
games to the visual effects of the brand new movies of Star Wars franchise. But this is not
true about this computer, which can barely render a mug with a picture of the Dark Lord of
the Sith. That is because this computer is a token of the type represented by a computer.
As a type, by definition, an object can be many. So, one can think: ok, then we are
done, arbitrary objects are all types of sets of specific objects. Recently, such a theory
was carried forward by Horsten (ref), who argued that a number (among others arbitrary
objects), abstracted from all its tokens, can be interpreted as an arbitrary number. For that,
he presented an interesting model in which arbitrary objects are represented as mathematical
functions. However, in philosophy, things are never so straightforward. The very plausibility
of such a theory is far from be a peaceful place.
I quote Fine
Such a view used to be quite common, but has now fallen into complete dis-
repute. As with so many things, Frege led the way. Given his own theory of
quantification, it was unnecessary to interpret the variables of mathematics
as designating variable numbers; and given the absurdities in the notion of
a variable number, it was also unwise. It was with characteristic irony that
he wrote: ‘Perhaps there is a seminal idea here which we could also find of
value outside mathematics’ ([11], p. 160).
For Frege, a theory of arbitrary objects is not only unnecessary, but it would lead us to
unavoidable “absurdities”. It is not just a matter of showing how such a theory could be
useful, but it is on the table also the problem of expunging any controversial consequence,
like, for instance, contradictory properties (to have, and at the same time, do not have some
feature).
In fact, Frege is far from being alone in his criticism. More than that, as Fine emphasizes,
his role was to led the way. On this road, we can find other eminent thinkers, like Quine,
who once said.
It used to be necessary to warn against the notion of variable numbers,
variable quantities, variable objects, and to explain that the variable is
purely a notation, admitting only fixed numbers or other fixed objects as
its values. This dissociation now seems to be generally understood, so I
turn to others. [14]
It is clear that talk about a theory of arbitrary objects is not so philosophically neutral.
Fortunately, the attack has a clear target: variable objects. So, it should be evident that, if
43
we take arbitrariness as being something that merely resembles variable, we would be getting
it wrong. To understand why we shall now turn into some aspects of Frege’s work.
3.2.1 Frege’s target
It became famous Frege’s attack to indeterminate objects.
[The mathematician Czuber’s account] gives rise to a host of questions. The
author obviously distinguishes two classes of numbers: the determinate and
the indeterminate. We may then ask, say, to which of these classes the
primes belong, or whether maybe some primes are determinate numbers and
others indeterminate. We may ask further whether in the case of indetermi-
nate numbers we must distinguish between the rational and the irrational,
or whether this distinction can only be applied to determinate numbers.
How many indeterminate numbers are there? How are they distinguished
from one another? Can you add two indeterminate numbers, and if so, how?
How do you find the number that is to be regarded as their sum? The same
questions arise for adding a determinate number to an indeterminate one.
To which class does the sum belong? Or maybe it belongs to a third?
An arbitrary prime number is not the number 3 nor the number 11 nor the number 57;
for this reason, one can hold, an arbitrary prime number is indeterminate. But, Frege’s asks,
being a number, we should be able to say if it is, itself, prime, or even, or greater than
32423. We can extend this notion to any arbitrary object: in a hand, as none arbitrary is
determinate, we cannot specify what it is; in another, it has to be some property, being an
object.
The theory of indeterminate numbers sought to explain the very nature of objects like
the unknowns of an equation. So, for example, if we take the following equations
5 = 4 * 𝑥2 − 7 * 𝑦 * 𝑥 (3.2.1)
8 = 𝑥2 + 𝑥 (3.2.2)
10 = 𝑥− 𝑦 (3.2.3)
In each case, we are certainly able to solve and to find the set of values that satisfies 𝑥 and
𝑦. When we make the calculation and obtain the set of possible solutions, we are saying what
those variables can be. But, if we take a step back, we can taste some flavor of philosophical
inquiring. From this perspective, we can make some grounding questions and ask: what are
𝑥 and 𝑦? They have to be something. Clearly, they are not numbers.
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When the philosopher turns to equations like those, he is not interested in solving them.
This is a task for computers. He wants to understand its nature or to find out that there
is none. Frege’s conclusion was the second: for him, such indeterminates are all dispensable
in a well-developed language. To show that, the german philosopher made the homework:
Frege creates, from scratch, a way to express every possible judgment, ie, every proposition
that can be true or false, and then, as a consequence, he was able to give his own treatment
for the semantic of equations and of symbols that express generality.
In a way, we can say that Frege had reasons to reject the very possibility of developing
a more robust theory of arbitrariness. In this section, we will map the main points of
disagreement between the Fregean position and the theory of arbitrary objects.
Begriffsschrift
In the first paragraph of Begriffsschrift [12], Frege establish the dichotomy determinate/in-
determinate as type of signs.
§1. The signs customarily employed in the general theory of magnitudes are
of two kinds. The first consists of letters, of which each represents either
a number left indeterminate or a function left indeterminate. This indeter-
minacy makes it possible to use letters to express the universal validity of
propositions, as in
(𝑎 + 𝑏)𝑐 = 𝑎𝑐 + 𝑏𝑐
The other kind consists of signs such as +, −, √, 0, 1, and 2, of which each
has its particular meaning.
Ony the determinate one can become a judgment. Otherwise, it is just a collection of
ideas. In a response to Russell, about the notion of a “variable” number, Frege remarks
(..) I would not say ‘terms whose meaning is indeterminate’ or ‘signs have
variable meanings’. In this case signs have no denotations at all.” [Frege,
1910]
97. Thought is surrounded by a halo.—Its essence, logic, presents an order,
in fact the a priori order of the world: that is, the order of possibilities,
which must be common to both world and thought. But this order, it seems,
must be utterly simple. It is prior to all experience, must run through all
experience; no empirical cloudiness or uncertainty can be allowed to affect
it——It must rather be of the purest crystal. But this crystal does not
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appear as an abstraction; but as something concrete, indeed, as the most
concrete, as it were the hardest thing there is .
(...)
114. “The general form of propositions is: This is how things are.” – That
is the kind of proposition that one repeats to oneself countless times. One
thinks that one is tracing the outline of the thing’s nature over and over
again, and one is merely tracing round the frame through which we look at
it.
(Philosophical Investigations, L. Wittgenstein [23])
Perhaps Wittgenstein was one of the most prominent intellectual disciples of Frege, at
least along the first ages of his philosophical career. He took a picture of the philosophy of
mathematics of the german philosopher and developed it to the last consequences. Those
consequences were called by him as the thesis of the crystallinity of the logical language. As
the thesis states, logic must be pure. Its structure should reflect perfectly, like a pure crystal.
Both quotes are Wittgenstein talking about his early conceptions, and in both the same is
emphasized: logical language should be pure, to be able to reflect the entire structure of
reality, with no gaps.
Wittgenstein inherited many aspects of Frege’s work. In a sense, he absorbs the central
aspects of the Fregean philosophy of language and led it to the ultimate consequences. For
the early Wittgenstein, logic is a mirror of reality. But by itself, it can’t be reflected: it will
always need another mirror to show up – to be revealed.
This can be seen as an ultimate consequence of Frege’s Begriffsschrift. By reducing
whatever can be said to what can be judge, Wittgenstein is showing how Frege’s conception
of language is incomplete in relation to the entire complexity of human language.
At this point, we must point out that wasn’t without the influence of Kant’s epistemology
that Frege formulates his conception according to which everything that can come into our
mind, via an idea, is able (at least in principle) to be put into a judgment. A judgment has
a form, which is the basis of Fregean ideography.
Fregean ideography
In this language, a judgment is expressed via




(a) 𝐴 → 𝐵
𝐴
𝐵
(b) 𝐴 ∨ 𝐵
𝐵
𝐴
(c) 𝐴 ∧ 𝐵
A
(d) ¬𝐴
Figure 3.2: Begriffsschrift language.
A
In order to formulate how conditional judgments can be expressed in his language, Frege
distinguishes between four possibilities
1. 𝐴 is affirmed and 𝐵 is affirmed.
2. 𝐴 is affirmed and 𝐵 is denied.
3. 𝐴 is denied and 𝐵 is affirmed.
4. 𝐴 is denied and 𝐵 is denied.
And uses the symbol
𝐵
𝐴
to express the third of these possibilities do not take place, which means, in the case that
we do not know if 𝐴 or 𝐵 has to be affirmed or denied, that we are expressing the judgment
if A, then B. This is, according to Frege, the ideography behind the conditionals.
Besides that, Frege also defines the negation of judgment as
A
Of course, we can combine our 𝑖𝑓 and 𝑛𝑒𝑔𝑎𝑡𝑖𝑜𝑛 to obtain the other usual connectives.
And, now, we can hold that every judgment can be formulated as a content that can become
a judgment or as a combination of those via negation and implication.
In his answer to Czuber, Frege makes fun of the conception that assigns to variables
effective existence. This is because in the core of his conception, those symbols are only a






Figure 3.3: (((𝐴 → 𝐵) → 𝐴) → 𝐴) [Peirce’s law]
we markdown, using pencils of different colors, boxes that we do not know yet the content,
but that nevertheless, thanks to those marks, the boxes became subject to categorization.
What are these marks? Only marks with no ontology. Signs for something that we do not
know yet.
In fact, the Fregean quantification theory is sufficient to explain the logical nature of
propositions such as those that involve indeterminacy. According to the Fregean view, equa-
tions hide the form of a proposition that will be true if the complete symbol, the analyzed
one, is true. The variables, in this conception, are only a metalinguistic resource to denote
the variation in a given assertion domain.
Fine’s struggle
Fine starts his defense of arbitrary objects by outlining the main features of how it would
look like a theory of such entities. ‘’There is the following view.. ”
... In addition to individual objects, there are arbitrary objects: in addition
to individual numbers, arbitrary numbers; in addition to individual men,
arbitrary men. With each arbitrary object is associated an appropriate
range of individual objects, its values: with each arbitrary number, the range
of individual numbers; with each arbitrary man, the range of individual men.
An arbitrary object has those properties common to the individual objects
in its range. So an arbitrary number is odd or even, an arbitrary man is
mortal, since each individual number is odd or even, each individual man
is mortal. On the other hand, an arbitrary number fails to be prime, an
arbitrary man fails to be a philosopher, since some individual number is not
prime, some individual man is not a philosopher.
According to him, there are four main objections against arbitrary objects.
(I) There are no arbitrary objects.
(II) The principles governing them are incoherent.
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(III) The theory leads to questions without answers.
(IV) The theory has no use.
We shall not be too much concerned about the first objection. It is not difficult to see
how we can avoid such a complication: take the case of the nominalist; he does not have
to commit himself with a view that numbers really exists, just like cars or the sky above
our heads. He is happy to admit that such entities exist, but only as a sort of tool; for the
nominalist, numbers exist insofar as they are up to be applied. So we can easily agree with
the one that says that arbitrary objects do not exist, and, at the same time, argue that they
exist to the same extent as numbers do.
Regarding the second problem, Fine reconstruct an argument that goes back to Berkeley,
as follows
Take an arbitrary number. Then it is odd or even, since each individual
number is odd or even. But it is not odd, since some individual number
is not odd; and it is not even, since some individual number is not even.
Therefore it is odd or even, yet not odd and not even. A contradiction.
Against this argument, the author distinguish between two modes of generic attribution:
1. as a rule of equivalente; and 2. as a rule of truth.
Equivalence rule 𝜙(𝑎) ≡ ∀𝑖.𝜙(𝑖)(a 𝜙’s iff every individual 𝜙’s)
Truth rule The sentence 𝜙(𝑎) is true iff the sentence ∀𝑖.𝜙(𝑖) is true.
In relation to the third objection, Fine is directly concerned with the problems that Frege
raised with his response to Czuber. Those “questions without answer” will receive a more
detailed treatment in next section, when we will introduce Horsten’s account.
The fourth objection is not so candid as it appears in a first look. Nowadays, however,
we have some good examples of positive side effects of such a theory.
3.3 Structuralist theories of arbitrariness
In the mathematical practice of every day – that is, in the activity of proving theorems
– the mathematician in the street1 faces the very common need of using resources such as
suppose that n is an arbitrary number. We have seen, in the previous sections, how Frege,
based on his quantification theory, recommended dealing with such means. Despite the
1An expression from Turing.
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merit of the Fregean recommendations, it is time to evaluate our alternatives. What I call
the structuralist theory of arbitrariness consists of attempts to explain not the nature of the
arbitrary object, but rather to offer a structural description for them. In common with these
theories there is the following determinant: generic objects are modeled as sets.
3.3.1 Arbitrary as function
There are specific natural numbers: 0, 1, 2, 3, .... But beside specific natural
numbers, there are also arbitrary natural numbers. As we have seen, an
arbitrary number can be thought of as what a mathematician refers to
when she says
‘Let a be a natural number. . . ’,
and then goes on to reason about a.
– Horsten.
The theory outlined by Horsten is to generalize Baire’s space to a broad notion of ar-
bitrariness [14]. In this perspective, arbitrary objects are modeled from three fundamental
elements:
Individuals a set of individuals of a specific kind;
State space (Ω) the set of states that every individual of a given class is able to be;
Function a rule that associates, for each state, an individual with the propertie of being in
that state;
Horsten observes that arbitrary numbers are, in some loosely metaphysical sense, peculiar
objects. If, on the one hand, an arbitrary natural number cannot be any particular specific
natural number, on the other hand, it can be any of them. Every specific number can be
seen, in Horsten’s theory, as an arbitrary one. In face of this, he proposes that we must
take a step forward towards a new abstraction level: arbitrary numbers are, in his theory,
functions.
Arbitrary numbers
Using Horsten’s three categories, we can model arbitrary natural numbers in the following
way: an arbitrary natural number is a function 𝑓 : Ω → N such that, for each state 𝑛 ∈ Ω,
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(1, 1) (1, 2) (1, 3) (1, 4) · · ·
(2, 1) (2, 2) (2, 3) (2, 4) · · ·
(3, 1) (3, 2) (3, 3) (3, 4) · · ·






Table 3.1: A total state space.
(1, 1) (1,2) (1, 3) (1, 4) (1, 4) (1, 6) (1, 7) (1, 8) · · ·
(2, 1) (2, 2) (2, 3) (2,4) (2, 5) (2, 6) (2, 7) (2, 8) · · ·
(3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3,6) (3, 7) (3, 8) · · ·










Table 3.2: An arbitrary odd number.
we associate an 𝑚 ∈ N. So, for example, a specific number of 𝑎 is an arbitrary number such
that every state 𝑚 leads to 𝑛.
The total N × N is called the total space of arbitrary natural numbers. This way, we can
define a rank of arbitrariness:
1. Ω0 = N






Such rank allows us to distinguish between levels of arbitrariness. For instance, an arbi-
trary odd number is a function that, for each state, 𝜔𝑛 ∈ Ω, associates an odd number 𝑛 ∈ N,
is an arbitrary number ok rank 0. An arbitrary odd number, for its turn, being a function
𝑔 : Ω × Ω → N, is an arbitrary of rank 1, once we have first to establish the set of arbitrary
odds.
(1, 1) (1, 2) (1,3) (1, 4) · · ·
(2, 1) (2, 2) (2,3) (2, 4) · · ·
(3, 1) (3, 2) (3,3) (3, 4) · · ·






Table 3.3: The specific number 3.
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Figure 3.4: A topological representation of 𝜔𝜔.
In defining arbitrary numbers as functions, Horsten is brought into philosophy the im-
portant mathematical conception of Baire space, which can be equipped with a topology on
that every real number is depicted as an open set on a Cantor set, such that
[𝑡] ≡ {𝜎 ∈ 𝜔𝜔 | ∀𝑛 ∈ 𝑑𝑜𝑚(𝑡)(𝜎(𝑛) = 𝑡(𝑛))} (3.3.1)
It is important to notice how sets play a central role in this conception. Conceiving
arbitrary as function, more than defending that we can construct models of those entities,
we are arguing that those models are very well extensionalisable. In the road to formulate a
theory of arbitrariness, we are asserting that we can defeat Russell’s paradox. In few words,
we are raising the following thesis: (i) there are arbitrary objects; (ii) we can characterize
then.
Horsten’s response to Frege
It is interesting to see how Horsten deals with the third objection ranked by Fine.
1. The prime numbers are not arbitrary numbers: they are specific nat-
ural numbers. It may be that a concept of prime number can be gen-
eralised to the space of arbitrary natural numbers, just as it can be
generalised to various algebraic structures, but that is another matter.
2. Being rational or irrational is a concept governing the specific real
numbers. It may be that it can be generalised to the space of the
arbitrary real numbers, but that is another matter.
3. (...) it was argued that there are 2𝜔 arbitrary natural numbers. (...) if
you hold a particular structuralist posi- tion about the natural number
structure, then you will disagree with this 𝜔 argument and instead hold
that there are 22𝜔 arbitrary natural numbers.
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4. (...) I proposed an identity criterion for arbitrary objects according to
which an arbitrary number 𝑎 is identical with an arbitrary number 𝑏
if and only if in each situation, 𝑎 is in the same state as the state that
𝑏 is in, or, in other words, if and only if 𝑎 and 𝑏 take the same specific
value in each 𝑠.
5. A natural notion of sum can be defined for arbitrary numbers in a
pointwise manner. If a and b are arbitrary numbers, then their sum
𝑎 + 𝑏 is the arbitrary number such that in each state where a is the
specific number 𝑚 and 𝑏 is the specific number 𝑛, 𝑎 + 𝑏 is the specific
number 𝑛 + 𝑚.
6. Given that a specific number can be seen as a limiting case of an
arbitrary number ..., the sum of a specific natural number and a non-
specific natural number is easily seen to be a non-specific arbitrary
number.
(Horsten, p. 67)
3.3.2 Aribtrary as generic
In his remarks about the vagueness of the talk about variable numbers, Frege suggests
(...) It is probably best to hold to the convention that Latin letters serve
to confer generality of content on a theorem. And it is best not to use the
expression ’variable’ at all, since ultimately we cannot say either of a sign,
or of what it expresses or denotes, that it is variable or that it is a variable,
at least not in a sense that can be used in mathematics or logic.
(Frege, 1910, in a note to Russell, my emphasis)
Following Fine, we have emphasized that Frege was one of the most prominent enemies
of the theory of arbitrary objects. Insofar as this theory is viewed as some extension, or even
as some improvement of the theory of variable objects, we face some serious problems. What
if, now, we take Frege’s suggestion at its face value, and begin to use, instead of variability,
the notion of genericity to explain the phenomena of arbitrariness?
Recently, several attempts have been made to understand genericity in natural language.
In this dissertation, we are focusing on genericity in the more restricted case of formal lan-
guages. More precisely, our object of interest has been the concept of generic points. In what
follows, we will try to give a glimpse of what could be done if we extend this notion to the
more broad field of analysis, namely, arbitrary objects.
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Generic properties
Let (N,≤) be the set of natural numbers on it usual order.
0 1 2 3 4 5 6 𝜔
A very well known result of number theory is regard the relation between arbitrary natural
numbers and even numbers, and establishes the following:
Theorem 3.3.1. Let 𝑚 be an arbitrary natural number, then 𝑚 will be an even number if,
and only if, 𝑚 = 2 * 𝑛, for a 𝑛 ∈ N arbitrary.
Notice how arbitrariness is fundamental here. We could not have a correct reading of this
result if we try to eliminate this notion. We can try to hide it, but the arbitrary factor will
remain in there. This is, in some sense, the same as we enunciate laws of arithmetic, like
𝑎+ 𝑏 = 𝑏+ 𝑎 (3.3.1)
𝑎+ (𝑏+ 𝑐) = (𝑎+ 𝑏) + 𝑐 (3.3.2)
In both cases, we have to keep in mind that we are not talking about some specific
number, but about every number. As Frege remarks, the same is not the case about + and
=, as each has specific meanings.
With our generic predicate in mind, we could give the reading
𝐺(𝑥, 𝑦).[𝑥+ 𝑦 = 𝑦 + 𝑥] (3.3.1)
𝐺(𝑥, 𝑦, 𝑧).[𝑥+ (𝑦 + 𝑧) = (𝑥+ 𝑦) + 𝑧] (3.3.2)
And, in a similar fashion, we could say that 𝐺(𝑥) determine the set of every objects that
verifying the property of being even. In such a way that
𝐺(𝑥) = {𝑥 | 𝑥 ∈ N ∧ ∃𝑛(𝑛 ∈ N ∧ 𝑥 = 2 * 𝑛)}
Which means that G ⊆ N is a partially ordered set such that G𝐹 |= “𝑥 is even”, for any
𝑥 ∈ N.
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Following Fine, we take a generic object as being an abstraction. In a first approximation,
we will say that 𝐺(𝑥) expresses a specific property of an arbitrary object 𝑥.
In the next chapter, we expect to show that, in 𝑆4 logics, genericity and possibility
coincide: for this, we will prove that given a boolean algebra, the predicate 𝐺 determine a
submodel G𝐹 such that G𝐹 |= ♦𝜓 for every theorem 𝜓 of classical propositional logic.
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Chapter 4
A logic for genericity
In this chapter, we shall present a systematic exposition of genericity, through an eagle
flight over generic points. To do so, we will define a topological semantics for propositions
that involve this type of expression. Essential question: which are the truth-makers of generic
sentences? Namely, a sentence that expresses genericity.
When we define the open sets of a non-Hausdorff topological space, we can detach the
generic points as the dense subsets of the topology. In this chapter, we will explore the logic
of those points.
To do so, we will take back to the McKinsey-Tarski translation of the box operator, and
through 𝑆4 logics shows how we can understand, via a formal logic, generic propositions.
The open problems will be then announced.
4.1 Genericity in mathematics
Along all the fields of mathematics, one can observes that the notion of genericity is
stricted related to the notion of bigness. A general definition is expected to be something
which is widely applicable, and the same is the case of a general result, which can be, for
instance, a theorem that has several implications. Naturally, in what concerns the way that
each field of mathematics models the notion of big changes accordingly. In set theory, for
example, a generic set is basically a filter, which captures big sections of a partial order. Its
dual is an ideal, which renders smallness.
In previous chapters, we saw that the proper notion of generic has been captured in
different and not so trivially equivalent ways. In this chapter, we will be interested in the




According to Munkres ([17], p. 75), the notion of topological space emerged in the con-
text of the study of the real line, euclidean space and the study of continuous functions on
these spaces. After the work of several mathematicians, such as Fréchet and Hausdorff, the
canonical definition was settled and nowadays is widely accepted. As Munkres [17] defines
it, a topological space is:
Definition 4.1.1. A topology on a set 𝑋 is a collection 𝜏 of subsets of 𝑋 having the following
properties:
1. ∅ and 𝑋 are in 𝜏 .
2. The union of the elements of any subcollection of 𝜏 is in 𝜏 .
3. The intersection of the elements of any finite subcollection of 𝜏 is in 𝜏 .
A set 𝑋 for which a topology 𝜏 has been specified is called a topological space. For now
on, we will denote the open sets of a topology 𝑋 as 𝑂(𝑋) and the closed sets as 𝐶(𝑋).
As one can observe, the set of every topology that can be defined in a given set 𝑆 is a
subset of 𝒫(𝒫(𝑆)), that is, the power set of the power set of 𝑆, which means that there is an
upper bound of 22|𝑆| possible topologies over an arbitrary set 𝑆. If one take, for example, an
arbitrary set 𝑋 = {𝑥, 𝑦, 𝑧} of three elements, one should have a total of 29 possible topologies
definable over 𝑋. Some of then are presented in Figure 4.1.
Closure






{𝑥 | 𝐴 ⊆ 𝑥}
According to [17], the closure operator respects the following properties: Let (𝑋, 𝜏) be a
topological space. Then we have
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𝑥 𝑦 𝑧 𝑥 𝑦 𝑧 𝑥 𝑦 𝑧
𝑥 𝑦 𝑧 𝑥 𝑦 𝑧 𝑥 𝑦 𝑧
𝑥 𝑦 𝑧 𝑥 𝑦 𝑧 𝑥 𝑦 𝑧
Figure 4.1: Topological spaces. Examples from Mumkres [17].
𝐶𝑙(∅) = ∅ (4.1.1)
𝐴 ⊆ 𝑋 ⇒ 𝐴 ⊆ 𝐶𝑙(𝐴) (4.1.2)
𝐴 ⊆ 𝑋 ⇒ 𝐶𝑙(𝐴) = 𝐶𝑙(𝐶𝑙(𝐴)) (4.1.3)
𝐴,𝐵 ⊆ 𝑋 ⇒ 𝐶𝑙(𝐴 ∪𝐵) = 𝐶𝑙(𝐴) ∪ 𝐶𝑙(𝐵) (4.1.4)
The idea behind generic points in topology is to capture a dense subspace of the entire
topological space. The intuition is that a generic point captures the properties that does
hold to every others points of the topology. In that way, genericity shows itself as a property
that is repteated by all the objects of a certain domain.
Formally, generic points can be defined as follows.
Definition 4.1.3. Let 𝒯 = (𝑋, 𝜏) be a topological space. A generic point of 𝒯 is an open
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set 𝑥 ∈ 𝜏 such that
𝐺(𝑥) = {𝑥 ∈ 𝜏 | 𝐶𝑙(𝑥) = 𝑋}
Naturally, this implies that every topological space (𝑋, 𝜏) has a trivial generic point,
which is the entire set 𝑋. It is worth notice that genericity also fits nicely in here, as one
would be expected that, when pushing the ideal of generics into its limits, one would obtain
a model for universality.
As an example, let’s consider the space generated by the prime ideals of the Integers
(𝑆𝑝𝑒𝑐(Z)). In ring theory, a prime ideal is defined as
Definition 4.1.4. Let 𝑅 be a commutative ring and 𝑃 an ideal of 𝑅. We will say that 𝑃 is
prime iff the following conditions hold:
1. ∀𝑎, 𝑏 ∈ 𝑅, if 𝑎 * 𝑏 ∈ 𝑃 , then 𝑎 ∈ 𝑃 or 𝑏 ∈ 𝑃 .
2. 𝑃 is not the whole ring 𝑅.
Now consider the 𝑆𝑝𝑒𝑐(Z), which is the set of every prime ideal of Z plus the zero ideal
(0) = {0}. Thus, we have that
𝑆𝑝𝑒𝑐(Z) = {(0), (2), (3), (5), (7), (11), ...}
where (𝑥), for 𝑥 > 0 ∈ Z, is the set of every 𝑦 ∈ Z that is divisible by 𝑥. It is clear that,
in this space, the zero ideal is a generic point, once being divided is a generic property and
zero is trivially divided by every natural number.
Another interesting example can be found in the usual topology of the reals (R). Let’s
consider (R, 𝜏) as the euclidean topology over R and let Q denote the rationals numbers, then
it is possible to show that Q is a generic point of (R, 𝜏). This means that the intersection of
any open interval of the reals with Q is non-empty. This fact is connected with the genericity
of Q in relation to R: is a generic property of R to be rational.
4.1.2 Generic points in (𝑋,𝒫(𝑋))
As we saw, in topology, generic points can be conceptualized as dense subsets of a topo-
logical space. Doing so we can see emerge some substructures with interesting properties.
What we will call generic classes are, in a sense, the same as Cohen has called generic sets
when introduced his method of forcing and explored its outstanding theoretical implications.
In this section, we will show some of the properties that these generic structures reveal
in finite topologies, defining they via closure operator and proving their behavior according
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to the existence of maximum and minimum points. In addition, we will show that some
special types of these structures have a pattern that allows us to algebraically calculate its
cardinality, making it possible to formulate a lower bound for the number of topologies that
are definable in some finite set and thus suggesting that generic sets can have some practical
flavour as well.
Definitions
Definition 1 Let 𝑆 be a finite set and 𝜏 ∈ 𝒫(𝒫(𝑆)) a topology on 𝑆. Then we define 𝑐𝑙𝜏 (𝑦)
as the closure of 𝑦 on 𝜏 .
Definition 2 Let (𝑆, 𝜏) be a topological space, then, for a 𝑥 ⊆ 𝑆,
𝑐𝑙𝜏 (𝑥) = 𝑆 ⇔ ∀𝑦 ∈ 𝜏(𝑦 ̸= ∅ → 𝑦 ∩ 𝑥 ̸= ∅)
in this case we say that 𝑥 is a dense set of 𝜏 .
Definition 3 Let 𝑋 be a finite set and let 𝑇 (𝑋) ⊆ 𝒫(𝒫(𝑋)) be the set of all topologies on
𝑋. We define:
1. For 𝛼 ∈ N and 𝛽 ∈ 𝑇 (𝑋), a generic point 𝐺𝑃 𝛽𝛼 is a subset of 𝑋 such that
𝑐𝑙𝛽(𝐺𝑃 𝛽𝛼 ) = 𝑋. We will say that 𝐺𝑃 𝛽𝛼 is the 𝛼-generic point of 𝛽.
2. For 𝜏, 𝜌 ∈ 𝑇 (𝑋), we have that [𝜏 ] ∼ [𝜌] iff ∀𝑦 ⊆ 𝑋, 𝑐𝑙𝜏 (𝑦) = 𝑋 ⇔ 𝑐𝑙𝜌(𝑦) = 𝑋.
Then we define the following equivalence class on 𝑇 (𝑋)
𝑇 (𝑋)/∼ = {[𝜏 ] | 𝜏 ∈ 𝑇 (𝑋)}
Definition 4 Finally, we define a function 𝐺𝐶 : 𝑇 (𝑋)/∼ → 𝒫(𝒫(𝑋)), such that
𝐺𝐶([𝜏 ]) = {𝐺𝑃 𝜏0 , ..., 𝐺𝑃 𝜏𝑛𝜏 }
where 𝐺𝑃 𝜏𝑖 is the 𝑖-generic point of 𝜏 and 𝐺𝐶([𝜏 ]) is the collection of every generic
point of 𝜏 .
Unicity lemmas
Lemma 4.1.1. Let 𝜏 = 𝒫(𝑋) be a topology on 𝑋. Then [𝜏 ] ∼ [𝜌] iff 𝜏 = 𝜌.
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Proof 4.1.1. If 𝜏 = 𝜌, then [𝜏 ] ∼ [𝜌] trivially. For the contraposition, suppose that [𝜏 ] ∼ [𝜌]
and 𝜏 ̸= 𝜌. In that case, because of 𝜏 = 𝒫(𝑋), we have that 𝜌 ⊂ 𝒫(𝑋). Now, take an
𝑥 ∈ 𝐺𝐶([𝜏 ]). Clearly ∃𝑦 ̸= ∅ ∈ 𝜌(𝑥 ∩ 𝑦 ̸= ∅) because 𝜌 ⊂ 𝒫(𝑋). By Definition 2, this 𝑥 isn’t
generic in 𝜌. Thus, [𝜏 ] ̸∼ [𝜌].
Lemma 4.1.2. Let 𝜏 = {∅, 𝑋} be a topology on 𝑋. Then [𝜏 ] ∼ [𝜌] iff 𝜏 = 𝜌.
Proof 4.1.2. If 𝜏 = 𝜌, then [𝜏 ] ∼ [𝜌] trivially. For the contraposition, suppose that [𝜏 ] ∼ [𝜌]
and 𝜏 ̸= 𝜌. Because 𝜏 is the minimal topology, ∃𝑥 ∈ 𝜌 such that 𝑥 ̸∈ 𝜏 , which means that
𝜏 ̸⊂ 𝜌. But, then, (∃𝑥 ∈ 𝐺𝐶([𝜏 ]))(∃𝑦 ̸= ∅ ∈ 𝜌) such that 𝑥 ∩ 𝑦 ̸= ∅. By Definition 2, this 𝑥
isn’t generic in 𝜌. Thus, [𝜏 ] ̸∼ [𝜌].
These lemmas mean that given a topological space (𝑋, 𝜏), the equivalence classes of 𝒫(𝑋)
and {∅, 𝑋} have only one member, which are themselves. Because of this, from now on we
will treat these classes as they were they representants.
Minimality theorem
Let 𝑆 be a finite set. Then the following holds:
Theorem 4.1.1. 𝐺𝐶({∅, 𝑆}) = 𝒫(𝑆)∖∅
Proof 4.1.3. Let 𝑋 = {∅, 𝑆}. In this case, the closed sets of 𝑋 is {∅, 𝑆}, once 𝑆∖∅ = 𝑆
and 𝑆∖𝑆 = ∅. Since 𝑐𝑙𝑋(∅) = ∅, we have that ∅ /∈ 𝐺𝐶(𝑋). Furthermore, since, by definition
of power set, for all 𝑦 ̸= ∅ ∈ 𝒫(𝑆), we have that 𝑦 ∩ 𝑆 ̸= ∅, then, by Definition 2, ∀𝑦 ∈
𝒫(𝑆)(𝑦 ̸= ∅ → 𝑐𝑙𝑋(𝑦) = 𝑆). In other words, every subset of 𝑆, except for ∅, is dense in 𝑋.
Thus, 𝐺𝐶(𝑋) = 𝒫(𝑆)∖∅.
Maximality theorem
Let 𝑆 be a finite set. Then the following holds:
Theorem 4.1.2. 𝐺𝐶(𝒫(𝑆)) = {𝑆}
Proof 4.1.4. Let 𝑋 = 𝒫(𝑆). In this case, the closed sets of 𝑋 is 𝒫(𝑆). Because of this,
∀𝑦 ∈ 𝒫(𝑆)(𝑐𝑙𝑋(𝑦) = 𝑦), by the definition of closure. Thus, 𝑐𝑙𝑋(𝛼) = 𝑆 if, and only if, 𝛼 = 𝑆.
Hence, 𝐺(𝑋) = {𝑆}.
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𝐺𝐶1 𝐺𝐶1 𝐺𝐶1
Figure 4.2: Graph representation of generic classes.
4.1.3 Combinatorial properties
Let 𝑇 (𝑋)𝑝𝑛/∼, for 𝑝, 𝑛 > 0, denote the equivalence class of a topological space (𝑋, 𝜏) such









𝑛 = 0: 1
𝑛 = 1: 1 1
𝑛 = 2: 1 2 1
𝑛 = 3: 1 3 3 1
𝑛 = 4: 1 4 6 4 1
𝑛 = 5: 1 5 10 10 5 1
𝑛 = 6: 1 6 15 20 15 6 1
𝑛 = 7: 1 7 21 35 35 21 7 1
𝑛 = 8: 1 8 28 56 70 56 28 8 1
Notice that for 𝑛 = 𝑝, we have that |𝑇 (𝑋)𝑝𝑛/∼|= 1, which one would expect, according
to the Lemma 4.1.1. A natural upper bound for the set 𝑇 (𝑋) of all finite topologies with
|𝑋|= 𝑛 is 22𝑛 . If we are right, we can now define a lower bound
62
(a) 1a (b) 1b
(c) 1b (d) 1b
(e) 1b (f) 1b
Figure 4.3: Plots of the subspaces generated by the power-set of arbitrary sets with cardinality






where 𝑝𝑛(𝑘) represents the adjustment parameter.
4.2 Generic propositions
4.2.1 Boolean model for generic proposition
Theorem 4.2.1. Let T = (𝑋,P(𝑋)) be the discrete topology of the set 𝑋. The set 𝑂(𝑋)
of the open sets of T is a Boolean algebra such that the minimal and the maximal are given,
respectively, by the set-theorical operations ∩ and ∪.
Proof 4.2.1. Let 𝐿 be a set of formulas. Given that (𝑋,P(𝑋)) is a discrete space, then
every open set is also a closed set; that is, every point is clopen. Thus, for every open set
𝑥, is true that 𝑥 ∪ 𝑥 = 𝑋. Therefore, under an adequate truth-value function 𝑣 : 𝐿 → T we
have that 𝑣([|𝑝 ∨ ¬𝑝|]) = 1. That is, the law of the excluded middle is valid.
4.2.2 S4 logic
Definition 4.2.1. Let L𝑚 be the language of the propositional logic plus the box operator
(). The 𝑆4 logic is obtained through the following axioms:
1. (𝑝 → 𝑞) → (𝑝 → 𝑞)
2. 𝑝 → 𝑝
3. 𝑝 → 𝑝
As usual, we will say that 𝑆4 ⊢ 𝜓 if 𝜓 can be obtained from the axioms 1 – 3 plus the





{𝑥 | 𝑥 ⊆ 𝐴}
We will call 𝐼𝑛𝑡(𝐴) the interior of the set 𝐴, to which holds the following properties:
Kuratowski’s Axioms.
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(A1) 𝐼𝑛𝑡(𝐴) ⊆ 𝐴
(A2) 𝐼𝑛𝑡(𝐴) ⊆ 𝐼𝑛𝑡(𝐼𝑛𝑡(𝐴))
(A3) 𝐼𝑛𝑡(𝐴) ∩ 𝐼𝑛𝑡(𝐵) = 𝐼𝑛𝑡(𝐴 ∩𝐵)
(A4) 𝐼𝑛𝑡(𝑋) = 𝑋
(A5) 𝐴 ⊆ 𝐵 ⇒ 𝐼𝑛𝑡(𝐴) ⊆ 𝐼𝑛𝑡(𝐵)
Let 𝑇 = (𝑋, 𝜏) be a topological space . We define
Definition 4.2.3.
[|⊤|] = 𝑋 (4.2.1)
[|⊥|] = ∅ (4.2.2)
[|¬𝑝|] = 𝐼𝑛𝑡([|𝑝|]) (4.2.3)
[|𝑝 ∨ 𝑞|] = [|𝑝|] ∪ [|𝑞|] (4.2.4)
[|𝑝 ∧ 𝑞|] = [|𝑝|] ∩ [|𝑞|] (4.2.5)
[|𝑝 → 𝑞|] = 𝐼𝑛𝑡([|𝑝|]) ∪ [|𝑞|] (4.2.6)
[|𝑝|] = 𝐼𝑛𝑡([|𝑝|]) (4.2.7)
Let M = (𝐵,) be an topological Boolean algebra.
Theorem 4.2.2. (Consistency) 𝑆4 ⊢ 𝜓 → M |= 𝜓.
Theorem 4.2.3.
M |= (𝑝 → 𝑞) → (𝑝 → 𝑞)
Proof 4.2.2.
𝐼𝑛𝑡(𝐼𝑛𝑡([|𝑝|] ∪ [|𝑞|])) ⊆ 𝐼𝑛𝑡(𝐼𝑛𝑡([|𝑝|])) ∪ 𝐼𝑛𝑡([|𝑞|]) (4.2.1)
𝐼𝑛𝑡([|𝑝|] ∪ [|𝑞|]) ⊆ 𝐼𝑛𝑡(𝐼𝑛𝑡([|𝑝|])) ∪ 𝐼𝑛𝑡([|𝑞|]) (4.2.2)
𝐼𝑛𝑡([|𝑝|] ∪ [|𝑞|]) ⊆ 𝐼𝑛𝑡(𝐼𝑛𝑡([|𝑝|])) ∪ [|𝑞|] (4.2.3)
𝐼𝑛𝑡([|𝑝|] ∪ [|𝑞|]) ⊆ 𝐼𝑛𝑡([|𝑝|]) ∪ [|𝑞|] (4.2.4)
𝐼𝑛𝑡(𝐼𝑛𝑡([|𝑝|]) ∪ [|𝑞|]) ⊆ 𝐼𝑛𝑡([|𝑝|]) ∪ [|𝑞|] (4.2.5)
𝐼𝑚𝑒𝑑𝑖𝑎𝑡𝑜 (𝐴1) (4.2.6)
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With this semantics, we want to show that exists a strong correspondence between gener-
icity and possibility. Thus, we will prove that
Theorem 4.2.4. A proposition 𝜙 if generic if, and only if, 𝑆4 ⊢ ♦𝜙.
For this, we have to prove that 𝑆4 is both complete and consistent and that the diamond
captures density in the topological semantics.
Theorem 4.2.5.
M |= 𝑝 → 𝑝
Proof 4.2.3.
𝐼𝑛𝑡([|𝑝|]) ⊆ [|𝑝|] (4.2.1)
𝐼𝑚𝑒𝑑𝑖𝑎𝑡𝑜 (𝐴1) (4.2.2)
Theorem 4.2.6.
M |= 𝑝 → 𝑝
Proof 4.2.4.
𝐼𝑛𝑡([|𝑝|]) ⊆ 𝐼𝑛𝑡(𝐼𝑛𝑡([|𝑝|]) (4.2.1)
𝐼𝑚𝑒𝑑𝑖𝑎𝑡𝑜 (𝐴2) (4.2.2)
Theorem 4.2.7. (Completeness) M |= 𝜓 → 𝑆4 ⊢ 𝜓.
For this proof, we refer to [2]. Thus, we have the strong correspondence between our
topological Boolean model M and 𝑆4.
McKinsey-Tarski, 1944. Let Γ be a subset of L𝑚 and 𝜓 ∈ L𝑚.
Γ ⊢𝑆4 𝜓 ⇔ Γ |=𝑇 𝜓
In what follows, we will show that the diamond operator (♦) in McKinsey-Tarski semantics
preserves the meaning of genericity module topological boolean valued models of 𝑆4.
Theorem 4.2.8. Let 𝐺(𝑋) be a genericity function and 𝑋 a set of propositions. We will
prove that 𝐺𝐹 (𝜓) |= ♦𝜓. 𝐺𝐼(𝜓) |= ¬♦𝜓.
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Proof 4.2.5.
¬𝜙 = 𝐼𝑛𝑡([|𝜙|]) (4.2.1)
𝜙 = 𝐼𝑛𝑡([|𝜙|]) (4.2.2)
¬𝜙 = 𝐼𝑛𝑡(𝐼𝑛𝑡([|𝜙|])) (4.2.3)
¬𝜙 = 𝐼𝑛𝑡([|𝜙|]) (4.2.4)
¬(¬𝜙) = 𝐼𝑛𝑡(𝐼𝑛𝑡([|𝜙|])) (4.2.5)
♦(𝜙) = [|𝜙|] (4.2.6)
𝑆4 ⊢ ♦𝜙 ⇒ 𝐺𝐹 |= [|𝜙|] (4.2.7)
Proof 4.2.6.
♦𝜙 = [|𝜙|] (4.2.1)
♦𝜙 = 𝐼𝑛𝑡([|𝜙|]) (4.2.2)
¬♦𝜙 = 𝐼𝑛𝑡(𝐼𝑛𝑡[|𝜙|]) (4.2.3)
𝑆4 ⊢ ¬♦𝜙 ⇒ 𝐺𝐼 |= 𝐼𝑛𝑡(𝐼𝑛𝑡([|𝜙|])) (4.2.4)
Thus, in 𝑆4, a generic proposition asserts a possible state of affairs, whereas its negation
states a proposition that is not necessarily possible. In other words, if it is true that a
proposition is possible, then the open set points to the total set of our topological model, and
thus this open set is dense. Similarly, if it is false that a proposition is necessarily possible
then the interior of the complement of the open set is not empty.
4.3 Tying things up
In this chapter, we had briefly presented the modal reading of generic sentences. In our
account, we take the 𝑆4 possibility operator as our main modality. Of course that we assume
classical 𝑆4, which accepts the double-negation rule. However, we expect that at least this
sheds some light on the question about which should be the best way to understand generic
sentences.
Although that could be interesting to formal languages, like, for example, programming
languages or even mathematical languages, in natural languages, of course, things are not so
simple. If we take, for instance, the problem of how we should interpret sentences like “Birds
fly”, one could argue that this sentence is true independently of the fact that there are birds
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that do not fly, and therefore the possibility in 𝑆4 is not sufficient to render this semantical
feature of generic sentences in natural languages.
Despite that, we would like to stress, with those appointments, that there is a way-to-
go in the generic point tradition started by the Italians and then further developed by the
structuralists of the twentieth century. To fit better this calculus with more complex seman-
tics for natural languages, however, there are still important questions to be investigated.
Should we add extra restrictions to our worlds? Should we add another operator? Maybe a





Roughly speaking, we have seen that genericity runs through several fields of mathematics,
as historically as conceptually. As times goes by, the notion began to be more restricted and
well defined, becoming an important tool for the working mathematician. This was the case
of generic points in algebraic geometry and generic sets in set theory. In this work, we
suggest another interesting application, which should be better investigated in future works
and concerns the combinatorial properties of generic classes on finite topologies. Finally,
although the relation between genericity and possibility stressed at the final chapter of this
dissertation can be interesting, the question of which one is the best semantics for generic
terms remains open. However, we expected that our results can throw a light on the question.
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Appendix B




To express Frege’s judgments, we are using a tool available in http://gitlab.com/
rrleme/fregeit, which uses the following grammar to perform the translation:
Definition C.0.1.
𝑆 ↦→ [𝐽𝑢𝑑𝑔𝑚𝑒𝑛𝑡] | [𝑁𝑒𝑔𝑎𝑡𝑖𝑜𝑛] | [𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙] | [𝐴𝑡𝑜𝑚]
[𝐴𝑡𝑜𝑚] ↦→ {𝑝0, 𝑝1, 𝑝2, ...}
[𝐽𝑢𝑑𝑔𝑚𝑒𝑛𝑡] ↦→ \Facontent S
[𝑁𝑒𝑔𝑎𝑡𝑖𝑜𝑛] ↦→ \Fncontent S
[𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙] ↦→ \Fcontent\Fconditional{\Fcontent S }
{\Fcontent S }
